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ON THE (1, 1)−TENSOR BUNDLE
WITH CHEEGER-GROMOLL TYPE METRIC
AYDIN GEZER AND MURAT ALTUNBAS
Abstract. The main purpose of the present paper is to construct Riemannian
almost product structures on the (1, 1)−tensor bundle equipped with Cheeger-
Gromoll type metric over a Riemannian manifold and present some results
concerning with these structures.
1. Introduction
A Riemannian metric on tangent bundle of a Riemannian manifold had been defined
by E. Musso and F. Tricerri [7] who, inspired by the paper [3] of J. Cheeger and
D. Gromoll, called it the Cheeger-Gromoll metric. The metric was defined by J.
Cheeger and D. Gromoll; yet, there were E. Musso and F. Tricerri who wrote down
its expression, constructed it in a more ”comprehensible” way, and gave it the name.
The Levi-Civita connection of the Cheeger-Gromoll metric and its Riemannian
curvature tensor are calculated by M. Sekizawa in [12] (for more details see [6]).
In [8], the metric was considered on (1, 1)-tensor bundle by E. Peyghan and his
collaborates and examined its some geometric properties. In this paper, our aim is
to study some almost product structures on the (1, 1)−tensor bundle endowed with
the Cheeger-Gromoll type metric. We get sequently conditions for the (1, 1)−tensor
bundle endowed with the Cheeger-Gromoll type metric and some almost product
structures to be locally decomposable Riemannian manifold and Riemannian almost
productW3−manifold. Finally, we consider a product conjugate connection on the
(1, 1)−tensor bundle with the Cheeger-Gromoll type metric and give some results
related to the connection.
Throughout this paper, all manifolds, tensor fields and connections are always
assumed to be differentiable of class C∞. Also, we denote by ℑpq(M) the set of all
tensor fields of type (p, q) on M , and by ℑpq(T
1
1 (M)) the corresponding set on the
(1, 1)−tensor bundle T 11 (M).
2. Preliminaries
Let M be a differentiable manifold of class C∞ and finite dimension n. Then
the set T 11 (M) = ∪
P∈M
T 11 (P ) is, by definition, the tensor bundle of type (1, 1) over
M , where ∪ denotes the disjoint union of the tensor spaces T 11 (P ) for all P ∈ M .
For any point P˜ of T 11 (M) such that P˜ ∈ T
1
1 (M), the surjective correspondence
P˜ → P determines the natural projection pi : T 11 (M) → M . The projection pi
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defines the natural differentiable manifold structure of T 11 (M), that is, T
1
1 (M) is a
C∞-manifold of dimension n + n2. If xj are local coordinates in a neighborhood
U of P ∈ M , then a tensor t at P which is an element of T 11 (M) is expressible in
the form (xj , tij), where t
i
j are components of t with respect to the natural base.
We may consider (xj , tij) = (x
j , xj¯) = (xJ ), j = 1, ..., n, j¯ = n + 1, ..., n + n2,
J = 1, ..., n+ n2 as local coordinates in a neighborhood pi−1(U).
Let X = X i ∂
∂xi
and A = Aij
∂
∂xi
⊗ dxj be the local expressions in U of a vector
field X and a (1, 1) tensor field A onM , respectively. Then the vertical lift VA of A
and the horizontal lift HX of X are given, with respect to the induced coordinates,
by
(2.1) VA =
(
VAj
VAj
)
=
(
0
Aij
)
,
and
(2.2) HX =
(
HXj
HXj
)
=
(
Xj
Xs(Γmsjt
i
m − Γ
i
smt
m
j )
)
,
where Γhij are the coefficients of the connection ∇ on M .
Let ϕ ∈ ℑ11(M). The global vector fields γϕ and γ˜ϕ ∈ ℑ
1
0(T
1
1 (M)) are respec-
tively defined by
γϕ =
(
0
tmj ϕ
i
m
)
, γ˜ϕ =
(
0
(timϕ
m
j )
)
with respect to the coordinates (xj , xj¯) in T 11 (M), where ϕ
i
j are the components of
ϕ.
The Lie bracket operation of vertical and horizontal vector fields on T 11 (M) is
given by the formulas
(2.3)


[
HX,HY
]
= H [X,Y ] + (γ˜ − γ)R(X,Y ),[
HX, V A
]
= V (∇XA),[
V A, VB
]
= 0
for any X, Y ∈ ℑ10(M) and A, B ∈ ℑ
1
1(M), where R is the curvature tensor
field of the connection ∇ on M defined by R (X,Y ) = [∇X ,∇Y ] − ∇[X,Y ] and
(γ˜ − γ)R(X,Y ) =
(
0
timR
m
klj X
kY l−tmj R
i
klm
XkY l
)
(for details, see [2, 9]).
3. Riemannian almost product structures on the (1, 1)−tensor bundle
with Cheeger-Gromoll type metric
An n−dimensional manifoldM in which a (1, 1) tensor field ϕ satisfying ϕ2 = id,
ϕ 6= ±id is given is called an almost product manifold. A Riemannian almost
product manifold (M,ϕ, g) is a manifold M with an almost product structure ϕ
and a Riemannian metric g such that
(3.1) g(ϕX, Y ) = g(X,ϕY )
for all X,Y ∈ ℑ10(M). Also, the condition (3.1) is referred as purity condition for g
with respect to ϕ. The almost product structure ϕ is integrable, i.e. the Nijenhuis
3tensor Nϕ, determined by
Nϕ(X,Y ) = [ϕX,ϕY ]− ϕ [ϕX, Y ]− ϕ [X,ϕY ] + [X,Y ]
for allX,Y ∈ ℑ10(M) is zero then the Riemannian almost product manifold (M,ϕ, g)
is called a Riemannian product manifold. A locally decomposable Riemannian
manifold can be defined as a triple (M,ϕ, g) which consists of a smooth mani-
fold M endowed with an almost product structure ϕ and a pure metric g such
that ∇ϕ = 0, where ∇ is the Levi-Civita connection of g. It is well known that
the condition ∇ϕ = 0 is equivalent to decomposability of the pure metric g [11],
i.e. Φϕg = 0, where Φϕ is the Tachibana operator [14, 15]: (Φϕg)(X,Y, Z) =
(ϕX)(g(Y, Z))−X(g(ϕY,Z)) + g((LY ϕ)X,Z) + g(Y, (LZ ϕ)X) .
Let T 11 (M) be the (1, 1)−tensor bundle over a Riemannian manifold (M, g). For
each P ∈ M , the extension of scalar product g (marked by G) is defined on the
tensor space pi−1(P ) = T 11 (P ) by G(A,B) = gitg
jlAijB
t
l for all A, B ∈ ℑ
1
1 (P ).
The Cheeger-Gromoll type metric CGg is defined on T 11 (M) by the following three
equations:
(3.2) CGg
(
HX,HY
)
= V (g (X,Y )),
(3.3) CGg
(
V A,HY
)
= 0,
(3.4) CGg
(
VA, VB
)
=
1
α
V (G(A,B) +G(A, t)G(B, t))
for any X,Y ∈ ℑ10 (M) and A,B ∈ ℑ
1
1 (M), where r
2 = G (t, t) = gitg
jltijt
t
l and
α = 1 + r2. For the Levi-Civita connection of the Cheeger-Gromoll type metric
CGg we give the next theorem.
Theorem 1. Let (M, g) be a Riemannian manifold and ∇˜ be the Levi-Civita con-
nection of the tensor bundle T 11 (M) equipped with the Cheeger-Gromoll type metric
CGg. Then the corresponding Levi-Civita connection satisfies the following rela-
tions:
i) ∇˜HX
HY = H (∇XY ) +
1
2 (γ˜ − γ)R(X,Y ),
ii) ∇˜HX
VB = 12α
H
(
gbj R(tb, Bj)X + gai (t
a(g−1 ◦R( , X)B˜ i
)
+ V (∇XB) ,
iii) ∇˜V A
HY = 12α
H
(
gbl R(tb, Al)Y + gat(t
a (g−1 ◦R( , Y )A˜ t)
)
,
iv) ∇˜V A
VB = − 1
α
(
CGg
(
VA,V t
)
VB + CGg
(
VB,V t
)
VA
)
+α+1
α
CGg
(
VA, VB
)V
t− 1
α
CGg
(
VA,V t
)
CGg
(
VB,V t
)V
t
for all X, Y ∈ ℑ10(M) and A, B ∈ ℑ
1
1(M), where Al = (A
i
l ), A˜
t = (gblA tl ) =
(Ab t. ), tl = (t
a
l ), t
a = (t ab ), R( , X)Y ∈ ℑ
1
1(M), g
−1 ◦ R( , X)Y ∈ ℑ10(M) (see,
also [8]).
Proof. The connection ∇˜ is characterized by the Koszul formula:
2CGg(∇˜
X˜
Y˜ , Z˜) = X˜(CGg(Y˜ , Z˜)) + Y˜ (CGg(Z˜, X˜))− Z˜(CGg(X˜, Y˜ ))
−CGg(X˜, [Y˜ , Z˜]) + CGg(Y˜ , [Z˜, X˜]) + CGg(Z˜, [X˜, Y˜ ])
for all vector fields X˜, Y˜ and Z˜ on T 11 (M). One can verify the Koszul formula
for pairs X˜ = HX, V A and Y˜ = HY, V A and Z˜ = HZ, V C. In calculations, the
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formulas (2.3), definition of Cheeger-Gromoll type metric and the Bianchi identities
for R should be applied. We omit standart calculations. 
The diagonal lift Dγ of γ ∈ ℑ11(M) to T
1
1 (M) is defined by
DγHX = H(γ(X))
DγV A = −V (A ◦ γ)
for any X ∈ ℑ10 (M) and A ∈ ℑ
1
1 (M), where A ◦ γ = C(A ⊗ γ) = A
m
j t
i
m [4]. The
diagonal lift DI of the identity tensor field I ∈ ℑ11(M) has the following properties:
DIHX = HX
DIV A = −VA
and satisfies (DI)2 = IT 11 (M). Thus,
DI is an almost product structure on T 11 (M).
We compute
P (X˜, Y˜ ) =CG g(DIX˜, Y˜ )−CG g(X˜,D IY˜ )
for all X˜, Y˜ ∈ ℑ10
(
T 11 (M)
)
. For pairs X˜ =H X,V A and Y˜ =H Y,V B, by virtue
of (3.2)-(3.4), we get P (X˜, Y˜ ) = 0, i.e. the Cheeger-Gromoll type metric CGg is
pure with respect to the almost product structure DI. Hence we state the following
theorem.
Theorem 2. Let (M, g) be a Riemannian manifold and T 11 (M) be its (1, 1)−tensor
bundle equipped with the Cheeger-Gromoll type metric CGg and the almost product
structure DI. The triple (T 11 (M),
D I,CG g) is a Riemannian almost product mani-
fold.
We now give conditions for the Cheeger-Gromoll type metric CGg to be decom-
posable with respect to the almost product structure DI. We calculate
(ΦDI
CGg)(X˜, Y˜ , Z˜) = (DIX˜)(CGg(Y˜ , Z˜))− X˜(CGg(DIY˜ , Z˜))
+ CGg((LY˜
DI)X˜, Z˜) + CGgf (Y˜ , (LZ˜
DI)X˜)
for all X˜, Y˜ , Z˜ ∈ ℑ10(T
1
1 (M)). For pairs X˜ =
H X,V A, Y˜ =H Y,V B and Z˜ =H
Z, V C, then we get
(ΦDI
CGg)(HX, VB,HZ) = 2CGg(VB, (γ˜ − γ)R(Z,X)),(3.5)
(ΦDI
CGg)(HX,HY, V C) = 2CGg((γ˜ − γ)R(Y ,X),V C),
Otherwise = 0.
Therefore, we have the following result.
Theorem 3. Let (M, g) be a Riemannian manifold and let T 11 (M) be its (1, 1)−tensor
bundle equipped with the Cheeger-Gromoll type metric CGg and the almost product
structure DI. The triple
(
T 11 (M),
D I,CGg
)
is a locally decomposable Riemannian
manifold if and only if M is flat.
Remark 1. Let (M, g) be a flat Riemannian manifold. In the case the (1, 1)−tensor
bundle T 11 (M) equipped with the Cheeger-Gromoll type metric
CGg over the flat
Riemannian manifold (M, g) is unflat (see [8]).
Let (M,ϕ, g) be a non-integrable almost product manifold with a pure metric.
A Riemannian almost product manifold (M,ϕ, g) is a Riemannian almost product
W3−manifold if σ
X,Y,Z
g((∇Xϕ)Y, Z) = 0, where σ is the cyclic sum by X,Y, Z
5[13]. In [10], the authors proved that σ
X,Y,Z
g((∇Xϕ)Y, Z) = 0 is equivalent to
(Φϕg)(X,Y, Z) + (Φϕg)(Y, Z,X) + (Φϕg)(Z,X, Y ) = 0. We compute
A(X˜, Y˜ , Z˜) = (ΦDI
CGg)(X˜, Y˜ , Z˜) + (ΦDI
CGg)(Y˜ , Z˜, X˜) + (ΦDI
CGg)(Z˜, X˜, Y˜ )
for all X˜, Y˜ , Z˜ ∈ ℑ10(T
1
1 (M)). By means of (3.5), we have A(X˜, Y˜ , Z˜) = 0 for all
X˜, Y˜ , Z˜ ∈ ℑ10(T
1
1 (M)). Hence we state the following theorem.
Theorem 4. Let (M, g) be a Riemannian manifold and T 11 (M) be its (1, 1)−tensor
bundle equipped with the Cheeger-Gromoll type metric CGg and the almost prod-
uct structure DI. The triple (T 11 (M),
D I,CG g) is a Riemannian almost product
W3−manifold.
Remark 2. Let (M, g) be a Riemannian manifold and let T 11 (M) be its (1, 1)−tensor
bundle equipped with the Cheeger-Gromoll type metric CGg. Another almost product
structure on T 11 (M) is defined by the formulas
J(HX) = −HX
J(V A) = V A
for any X ∈ ℑ10 (M) and A ∈ ℑ
1
1 (M). The Cheeger-Gromoll type metric
CGg is
pure with respect to J , e.i. the triple
(
T 11 (M), J,
CGg
)
is a Riemannian almost
product manifold. Also, by using Φ−operator, we can say that the Cheeger-Gromoll
type metric CGg is decomposable with respect to J if and only if M is flat. Finally
the triple (T 11 (M), J,
CG g) is another Riemannian almost product W3−manifold.
O. Gil-Medrano and A.M. Naveira proved that both distributions of the almost
product structure on the Riemannian almost product manifold (M,F, g) are totally
geodesic if and only if σ
X,Y,Z
g((∇XF )Y, Z) = 0 for any X,Y, Z ∈ ℑ
1
0(M) [5]. As a
consequence of Theorem 4, we have the following.
Corollary 1. Both distributions of the Riemannian almost product manifold (T 11 (M),
DI,CG g) are totally geodesic.
4. Product conjugate connections on the (1, 1)−tensor bundle with
Cheeger-Gromoll type metric
Let F be an almost product structure and ∇ be a linear connection on an n-
dimensional Riemannian manifold M. The product conjugate connection ∇(F ) of
∇ is defined by
∇
(F )
X Y = F (∇XFY )
for all X,Y ∈ ℑ10(M). If (M,F, g) is a Riemannian almost product manifold, then
(∇
(F )
X g)(FY, FZ) = (∇Xg)(Y, Z), i.e. ∇ is a metric connection with respect to g if
and only if ∇(F ) is so. From this, we can say that if ∇ is the Levi-Civita connection
of g, then ∇(F ) is a metric connection with respect to g [1].
By the almost product structure DI and the Levi-Civita connection ∇˜ given by
Theorem 1, we write the product conjugate connection ∇˜
(DI)
of ∇˜ as follows:
∇˜
(DI)
X˜ Y˜ =
DI(∇˜
X˜
DIY˜ )
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for all X˜, Y˜ ∈ ℑ10(T
1
1 (M)). Also note that ∇˜
(DI)
is a metric connection of the
Cheeger-Gromoll type metric CGg. The standart calculations give the following
theorem.
Theorem 5. Let (M, g) be a Riemannian manifold and let T 11 (M) be its (1, 1)−tensor
bundle equipped with the Cheeger-Gromoll type metric CGg and the almost product
structure DI. Then the product conjugate connection (or metric connection) ∇˜
(DI)
satisfies
i) ∇˜
(DI)
HX
HY = H (∇XY )−
1
2 (γ˜ − γ)R(X,Y ),
ii) ∇˜
(DI)
HX
VB = − 12α
H
(
gbj R(tb, Bj)X + gai (t
a(g−1 ◦R( , X)B˜ i)
)
+V (∇XB),
iii) ∇˜
(DI)
V A
HY = 12α
H
(
gblR(tb, Al)Y + gat(t
a (g−1 ◦R( , Y )A˜ t))
)
,
iv) ∇˜
(DI)
V A
VB = − 1
α
(
CGg
(
V A,V t
)
VB + CGg
(
VB,V t
)
V A
)
+α+1
α
CGg
(
VA, VB
)V
t− 1
α
CGg
(
VA,V t
)
CGg
(
VB,V t
)V
t.
Remark 3. Let (M, g) be a flat Riemannian manifold and let T 11 (M) be its (1, 1)−tensor
bundle equipped with the Cheeger-Gromoll type metric CGg and the almost product
structure DI. Then the Levi-Civita connection ∇˜ of CGg coincides with the product
conjugate connection (or metric connection) ∇˜
(DI)
constructed by the Levi-Civita
connection ∇˜ of CGg and the almost product structure DI.
The relationship between curvature tensors R∇ and R∇(F ) of the connections
∇ and ∇(F ) is as follows: R∇(F )(X,Y, Z) = F (R∇(X,Y, FZ) for all X,Y, Z ∈
ℑ10(M) [1]. Using the almost product structure
DI and curvature tensor of the
Cheeger-Gromoll type metric CGg (for curvature tensor of CGg, see [8]), by means of
R˜
∇˜
(DI)(X˜, Y˜ , Z˜) =
D I(R˜
∇˜
(X˜, Y˜ ,D IZ˜), the curvature tensor R˜
∇˜
(DI) of the product
conjugate connection (or metric connection) ∇˜
(DI)
can be easily written. Also note
that another metric connection of the Cheeger-Gromoll type metric CGg can be
constructed by using the almost product structure J .
The torsion tensor ∇˜
(DI)
T˜ of the product conjugate connection ∇˜
(DI)
(or metric
connection of CGg) has the following properties:
∇˜
(DI)
T˜ (HX,H Y ) = −2(γ˜ − γ)R(X,Y )
∇˜
(DI)
T˜ (HX,V B) = −
1
α
H
(
gbj R(tb, Bj)X + gai (t
a(g−1 ◦R( , X)B˜ i)
)
∇˜
(DI)
T˜ (V A,H Y ) =
1
α
H
(
gbj R(tb, Aj)Y + gai (t
a(g−1 ◦R( , Y )A˜ i)
)
∇˜
(DI)
T˜ (V A,V B) = 0.
The last equations lead to the following result.
Theorem 6. Let (M, g) be a Riemannian manifold and let T 11 (M) be its (1, 1)−tensor
bundle equipped with the Cheeger-Gromoll type metric CGg and the almost product
structure DI. The product conjugate connection (or metric connection) ∇˜
(DI)
con-
structed by the Levi-Civita connection ∇˜ of CGg and the almost product structure
DI is symmetric if and only if M is flat.
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